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We explore the noncommutative effect on single field inflation and compare with WMAP five-year
data. First, we calculate the noncommutative effect from the potential and dynamical terms, and
construct the general form of modified power spectrum. Second, we consider the leading order mod-
ification of slow-roll, DBI and K-inflation and unite the modification, which means the modification
is nearly model independent at this level. Finally, comparing with the WMAP5 data, we find that
the modified can be well realized as the origin of the relative large spectral index and the quite small
running.
PACS numbers: 98.80.-k
I. INTRODUCTION
Inflation [1] is a very successful paradigm for naturally understanding the puzzling aspects of hot big bang cosmology
such as flatness, homogeneity and monople problems. As it causally explains the origin of the super-horizon density
perturbations, inflation seeds the large structure of the universe we observe today. More like a paradigm than a
theory because of the missing fundamental basis, inflation is well established by the observation of cosmic microwave
background. Models based on pure de sitter spacetime predict a scale-invariant and adiabatic power spectrum, which
can be characterized by ns − 1 = 0. However, this is not the history of our unverse. WMAP and other astrophysical
observations predict nontrivial spectral index and running.
The WMAP team has reported the five-year data[2] and used them to constrain the physics of inflation. For the
ΛCDM model, WMAP5 data show that the index of power spectrum satisfies ns = 0.963
+0.014+0.029
−0.015−0.028 (1σ, 2σ CL);.
Combining WMAP with SDSS and SNIa, the result is ns = 0.960
+0.014+0.026
−0.013−0.027 (1σ, 2σ CL). Though the red power
spectrum is still favored at the level of 3σ CL, the result is a little bluer than that of WMAP3. And, the running of the
spectral index is not favored anymore. With WMAP5 data only, the running is αs =
dns
d ln k
= −0.037+0.028−0.028 (1σ CL).
Combining with SDSS and SNIa data, the result is αs =
dns
d ln k
= −0.032+0.021−0.020 (1σ CL). We find that the spectral
index in WMAP5 is slightly larger than that in WMAP3 and the running is much smaller than that in WMAP3.
Theoretically, we can modify the inflation models, but it will increase the implicity from the aspect of a fundamental
theory. In the series works of [3, 4, 5], running index emerges from non-Bunch-Davis vacuum and the new physics
will imprint on CMB. However, the serious problem is we still know little about de sitter spacetime, which is noted
as the ambiguity of vacuum selection.
In the papers [6], another method has been presented. The authors obtained the nontrivial spectral index and its
running from the generalized slow-roll inflation with arbitrary sound speed. However, as a new challenge for most
inflation models, we expect the spectral index and its running can provide the opportunity to observe the short
distance physics and the first moment scenario of our universe.
As a candidate to probe the quantum gravity in string theory, noncommutativity is applied to describe D-brane
physics. Considering the string effect and strong string interaction, short distance geometry becomes very different.
In addition, while the usual concept of geometry is completely break down near the singularity geometry, noncom-
mutativity is also a good description.
In the works of [7, 8], the authors introduced noncommutativity, which naturally emerges from string theory, to
inflation physics. As the running of spectral index is large, they obtained nice results with WMAP3 experiment data.
However, most recent, WMAP5 explores a quite small running index.
In this lecture, we use another method to calculate the modification. We directly calculate the modification of
power spectrum from the noncommutative potential and dynamical terms while the quantum modes solution still
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2remains classical. We study the modification of the single field inflation models including slow-roll, DBI and K-
inflation. As our calculation includes all the potential and dynamics terms, the modification is exact. We find these
three modification can be written in one unite form at leading order. This means that the modification can not be
tested by different models. In addition, the leading order of modified power spectrum is 1/k2, which means that the
modification is small. Our calculation shows that the noncommutative potential and dynamical terms can be realized
as the possible origin of the spectral index and its running since it is favored by WMAP5 data.
This paper is organized as follows. In section 2, we review the inflation formalism with a general lagrangian. In
section 3, we study the noncommutative effect on inflation including the modification of potential and dynamic and
reconstruct the power spectrum. In section 4, we study concrete models and compare with the WMAP5 observation.
Section 5 contains some conclusion and discussion.
II. FORMALISM WITH GENERAL LAGRANGIAN
In this section, we review the formalism presented in [9, 10] which can describe different inflation models in a general
Lagrangian P (X,φ). The Lagrangian is of the general form
S =
1
2
∫
d4x
√−g[R+ 2P (X,φ)], (1)
where φ is the inflation field and X = − 1
2
gµν∂µφ∂νφ is the dynamic term. We have set Mpl = (8πG)
− 1
2 = 1 and the
signature of the metric is (−1, 1, 1, 1). The energy of the inflaton field is defined as
E = 2XP,X − P, (2)
where P,X denote the derivative with respect to X . We study the universe that is homogeneous with a Friedmann-
Robertson-Walker metric
ds2 = −dt2 + a2(t)dx23, (3)
where a(t) is the scale factor and H = a˙/a is the Hubble parameter. It is useful to define the “speed of sound” cs as
c2s =
dP
dE
=
P,X
P,X + 2XP,XX
(4)
.
The primordial power spectrum P ζk evaluated at the time of horizon exit at csk = aH and the spectral index ns
can be derived as
P ζk =
1
36π2
E2
cs(P + E)
=
1
8π2
H2
csǫ
,
ns − 1 = d lnP
ζ
k
d ln k
= −2ǫ− η − s, (5)
The motive equation of inflaton is
(aϕ)′′ + (c2sk
2 − a
′′
a
)aϕ = 0. (6)
The classical solution is
ϕ =
φ˙0√
4ǫcsk3
(1 + icskη)e
−icskη, (7)
where we choose the standard Bunch-Davies vacuum as the background to fix the coefficient. In this paper, we study
the modification of the noncommutativity effects on the potential and dynamic terms while the solution of inflaton
still remains classical.
3III. MODIFICATION PROCEDURE
Noncommutative geometry on small scale is a consequence of string theory. A better description of noncommutativ-
ity geometry, in terms of the algebra generated by noncommutative coordinate, is [xµ, xν ] = iθµν , where θµνdepends
on the background flux in string theory. As has been showed in paper[11], a simple form of θµν is the string length.The
efficient way to define product is by so-called Moyal product, whose multiple expansion in curved space-time can be
expressed as
f1 ⋆ · · · ⋆ fn = (1 + i
2
θµν
∑
a<b
DaµD
b
ν −
1
8
θµνθρσ
∑
a<b,c<d
DaµD
b
νD
c
ρD
d
σ)f1 · · · fn. (8)
The lowest order noncommutative modification term is of order O(θ2) and the lowest order of the perturbation is
δθf1 ⋆ · · · ⋆ fn = −1
8
θµνθρσ
∑
a<b,c<d
(DaµD
b
νD
c
ρD
d
σ)f1 · · · fn. (9)
As discussed in [12], we set the spacetime component of noncommutativity to zero: θ0i = 0 without losing generality
and considering the unitary. Moreover, considering the uncertain relation in string theory and noncommutativity in
brane world sheet, we finally obtain θ12 = l2s/a
2 in the comoving coordinate. We consider the correction of the lowest
order θ2 in this paper, and denote them as δθX and δθV respectively. The change of the inflation action is
S =
∫
d4x
√−g(P,XδθX + P,V δθV ). (10)
We divide the inflaton φ into the isotropic background φ0(t) and the fluctuation ϕ, φ = φ0 + ϕ. They are constraint
by a new parameter ζ,
ζ =
H
φ˙0
ϕ+O(ǫ, η)(H
φ˙0
ϕ)2, (11)
where ǫ, η are the slow roll parameters. Considering the slow-roll constraint from experiment, we choose the gauge
transformation ζ = H
φ˙0
ϕ. After serially taylor expand P,X and P,V around the background value and multiply with
the according terms in δθX and δθV , we obtain the whole change of second order action of perturbation due to
noncommutative geometry. In leading order of slow-roll parameter it can be written as
δθS2 =
∫
d4x
√
h(P,X0 (δθX)2 + P,X0X0(δgX)1(δθX)1
+P,V0(δθV )2 + P,V0X0(δgX)1(δθV )1)
+P,X0φ0ϕ(δθX)1, (12)
where δgX = X − X0, (δgX)1 = φ˙0ϕ˙, (δgX)2 = 12 (ϕ˙2 − (∂ϕ)2) and we have picked out the terms with least φ˙0 to
reduce the order of slow-roll parameter. To simplify the calculation, we need to pick out the terms of leading order
of slow-roll parameter. We decompose δθX and δθV into terms of different order of perturbation
δθX = (δθX)2 + (δθX)1 + (δθX)0
δθV = (δθV )2 + (δθV )1 + (δθV )0. (13)
Without losing generality, we presume the potential term as V (φ) = φn and the dynamic term as X = − 1
2
∂µφ∂
µφ in
this paper. The authors in paper[11] have calculated δθX and δθV and their orders as A1, A2, A3.
Using the ”in-in” formulism, the two-point function is calculated through
〈ζ2(t)〉 = −i
∫ t
t0
dt′〈[ζ2(t), Hint(t′)]〉. (14)
We evaluate the modification of two-point function, which is denoted by δ〈ζ2(t)〉θ below, in the lowest order of θ as
δ〈ζ(x1)ζ(x2)〉θ = −2Re(
∫ η
η0
dη′i〈ζ(x1)ζ(x2)(δLint + 2(δθV )2)(η′)〉0). (15)
4By setting k1 = k2 = k, the explicit power spectrum modified by noncommutative correction of second order action is
δP ζθ = δ〈ζ(x1)ζ(x2)〉θ
=
π2l4sφ
2
0φ˙
2
0H
32ǫ2
[
(
−1
k2
− 45
8k6
+
681
16c4sk
10
− 333
8c6sk
14
)P,X
+(
cs
2k2
+
5φ˙20
8k6
)P,XX − n(n− 1)φ˙
n−1
0
4H2k2
P,V
+
n(n− 1)φ˙n−20
4H2k2
P,V X
]
. (16)
IV. MODIFICATION OF INFLATION MODELS AND COMPARISON WITH WMAP5
First, we study the Slow-roll inflation model which is the most popular model studied in the literature. The effective
action takes the canonical non-relativistic form:
P (X,φ) = X − V (φ). (17)
The value of speed of sound cs = 1. The modified parts can be expressed as
P,X = 1, P,XX = 0, P,V = −1, P,XV = 0. (18)
So the modified primordial power spectrum is
δP ζθ =
π2l4sφ
2
0φ˙
2H
32ǫ2
[
−1
k2
+
n(n− 1)φ˙n−10
4H2k2
− 45
8k6
+
681
16c4sk
10
− 333
8c6sk
14
]
, (19)
while the power spectrum of the slow-roll inflation without modification is
P ζ0 = C1k
−2ε, (20)
where C1 is a constant.
Second, we consider DBI inflation[13] which is motivated by brane inflation scenario in warped compactifications.
The effective Lagrangian is
P (X,φ) = −f(φ)−1
√
1− 2f(φ)X + f(φ)−1 − V (φ), (21)
where f is the warp factor f = λ
φ4
, and λ depends on flux number. The value of speed of sound is cs =
√
1− φ˙2f(φ).
The modified parts can be expressed as
P,X =
1
cs
, P,XX =
P,X
2X0
(
1
c2s
− 1), P,V = P,XV = 0. (22)
We find that the modification of DBI inflation is independent of the potential term. The modified parts of primordial
power spectrum is
δP ζθ =
π2l4sφ
2
0φ˙
2
0H
32ǫ2
[
−1
csk2
+
1
4csX0k2
+
cs
4X0k2
− 45
8csk6
+
5φ˙20
16X0c2sk
6
− 5φ˙
2
0
16X0k6
+
681
16c5sk
10
− 333
8c7sk
14
]
. (23)
As presented in the paper of [14], the power spectrum of the DBI inflation is
P ζ0 = C2k
− 2ǫ+s
1−ǫ−s , (24)
where C2 is a constant and flow parameters ǫ, s are also constant.
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FIG. 1: The relation between the spectral index ns and the comoving wave number k.
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FIG. 2: The relation between the running spectral index α and the comoving wave number k.
Finally, let we consider the correction in K-inflation [10] model with small speed of sound. The Lagrangian of the
power law K-inflation is of the form
P (X,φ) =
4
9
4− 3γ
γ2
1
φ2
(−X +X2), (25)
where γ is a constant. Considering a ∼ t 23γ , we set 0 < γ < 2
3
. So the speed of sound is c2s =
γ
8−3γ
. In order to get
small speed of sound, we focus on the region γ ≪ 1. The modified parts can be expressed as
P,X =
16− 12γ
9γ2φ2
(2X − 1), P,XX = 216− 12γ
9γ2φ2
, P,V = P,XV = 0. (26)
So, the modified primordial power spectrum of K-inflation is
δP ζθ =
π2l4sφ
2
0φ˙
2
0H
32ǫ2
[
(
−1
k2
− 45
8k6
+
681
16c4sk
10
− 333
8c6sk
14
)P,X
+(
5φ˙20
8k6
+
cs
2k2
)P,XX
]
(27)
6The power spectrum of the K-inflation in the limit of small γ is
P ζk = C3k
−3γ (28)
where C3 is a constant. According to the above results, if we only consider the leading order corrections in terms of
the comoving wave number k by noncommutative effects, the modified primordial power spectrum can be written as
P ζk = A(k
−2ǫ − C
k2
), (29)
where A, ǫ, and C are all parameters. So, the modification from noncommutativity is model independent at leading
order.
The scalar spectral index derived from the WMAP5 data is relatively blue comparing to that of WMAP3, though
it is still red-tilted. The running of the spectral index, according to the WMAP5 data, explores an upward shift
from the three-year result, αs = −0.032+0.021−0.020 (WMAP5 + BAO + SN). Fig. 1 plots the scalar spectral index ns as a
function of the comoving wave number k. The Fig. 2 plots the running of the scalar spectral index α as a function of
k.
V. CONCLUSION
As an important method to detect short distance physics, noncommutativity naturally emerges from string theory
and is applied to inflation physics. Branderberger and Ho found noncommutativity can modify the power spectrum
in a significant way. In addition, in papers[15], it has been used to regulate the eternal inflation.
Recent released WMAP5 data favor a red-tilted power spectrum of primordial fluctuations at the level of two
standard deviations, which is the same as the WMAP3 result. However, qualitatively, the spectral index is slightly
greater and the running is quite small than the three-year value.
Our calculation is quite different. First, we calculated the modification from the potential and dynamical terms
while the solution of inflaton remains classic. Second, we calculated the modification of slow-roll, DBI and K-inflation.
We found the modification is model independent, as we only considering the leading order. In addition, as the leading
order modification of power spectrum is proportional to 1/k2, the modification of is quite small and can be favored
by WMAP5. Third, as we used the string scale in our paper and the correction is proportional to (θ12)2, it could be
larger if we have a relative low noncommutative scale.
Finally, as WMAP five-year data provide stringent limits on deviation from the minimal, 6-parameter ΛCDM
model, we expect more years WMAP and Planck data give us more information about the anisotropy of CMB. In
addition, future CMB missions such as ground-based polarization experiment of BICEP and ESA’s Planck Surveyor,
are also expected to help us faithfully understand the early universe.
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APPENDIX A: NONCOMMUTATIVE CORRECTION
δθX =
1
8
(θ12)2gµν(D1D1DµφD2D2Dνφ−D1D2DµφD2D1Dνφ),
δθV = −n(n− 1)
8
(θ12)2φn−2(D1D1φD2D2φ−D1D2φD2D1φ)
−n(n− 1)(n− 2)
24
(θ12)2φn−3(D1D1φD2φD2φ+D2D2φD1φD1φ
−D1D2φD1φD2φ−D2D1φD2φD1φ). (A1)
7(δθV )1 = −n(n− 1)
8
(θ12)2φn−20 (2(aa˙)
2φ˙0ϕ˙− aa˙φ˙0∂21ϕ− aa˙φ˙0∂22ϕ).
(δθV )2 = −n(n− 1)
8
(θ12)2φn−20 (∂
2
1ϕ∂
2
2ϕ− ∂1∂2ϕ∂1∂2ϕ+ (aa˙)2ϕ˙2
−aa˙ϕ˙∂21ϕ− aa˙ϕ˙∂22ϕ).
(A2)
(δθX)1 = −1
8
(θ12)2Haa˙φ˙0(∂
2
1 ϕ˙+ ∂
2
2 ϕ˙− 2H∂21ϕ− 2H∂22ϕ+ 2Haa˙ϕ˙).
(δθX)2 =
1
8
(θ12)2(
1
a2
∂21∂iϕ∂
2
2∂iϕ−
1
a2
∂1∂2∂iϕ∂1∂2∂iϕ−H∂21∂iϕ∂iϕ˙
−H∂22∂iϕ∂iϕ˙+H2∂21∂iϕ∂iϕ+H2∂22∂iϕ∂iϕ+ a˙2∂1ϕ˙∂1ϕ˙
+a˙2∂2ϕ˙∂2ϕ˙+ a˙
2∂iϕ˙∂iϕ˙− 2Ha˙2∂1ϕ˙∂1ϕ− 2Ha˙2∂2ϕ˙∂2ϕ
−2Ha˙2∂iϕ˙∂iϕ+ (Ha˙)2∂1ϕ∂1ϕ+ (Ha˙)2∂2ϕ∂2ϕ
+(Ha˙)2∂iϕ∂iϕ− ∂21 ϕ˙∂22 ϕ˙+ ∂1∂2ϕ˙∂1∂2ϕ˙− (Haa˙)2ϕ˙2
−Haa˙ϕ˙∂21 ϕ˙+Haa˙ϕ˙∂22 ϕ˙+ 2H∂21ϕ˙∂22ϕ+ 2H∂21ϕ∂22 ϕ˙
+2H2aa˙ϕ˙∂21ϕ+ 2H
2aa˙ϕ˙∂22ϕ− 4H∂1∂2ϕ˙∂1∂2ϕ
−4H2∂21ϕ∂22ϕ+ 4H2∂1∂2ϕ∂1∂2ϕ+ aa˙∂12ϕ˙ϕ¨+ aa˙∂22ϕ˙ϕ¨
−a2a˙2ϕ¨ϕ¨− a˙2ϕ¨(2∂12ϕ+ 2∂22ϕ− aa˙ϕ˙)). (A3)
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